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Abstract

A vector space is a group of objects that is closed under finite vector addition and scalar
multiplication. This paper discusses a vector space under addition and multiplication of binomial
coefficients defined in combinatorial geometric series. The combinatorial geometric series is a
geometric series with binomial coefficients that is derived from the multiple summations of
geometric series. This idea can enable the scientific researchers to solve the real world problems.
Keywords: computation, binomial coefficient, vector space

1. Introduction

When the author of this article was trying to compute the multiple summations of geometric series
(Annamalai, et al., 2010, 2017a, 2017b, 2017c, 2018a, 2018b, 2018c, 2018d, 2019, 2020), a new
idea stimulated his mind to create a combinatorial geometric series (Annamalai, et al., 2022a, 2022b,
2022c, 2022d, 2022¢, 2022f). The combinatorial geometric series is a geometric series whose
coefficient of each term of the geometric series denotes the binomial coefficient V. In this paper, a
commutative group, ring, field, and vector space under addition of the binomial coefficients
(Fowler, 1996) of combinatorial geometric series (Annamalai, et al., 2022d, 2022e) are introduced
in detail.

2. Combinatorial Geometric Series

The combinatorial geometric series (Annamalai, et al., 2022f, 2022g, 2022) is derived from the
multiple summations of geometric series. The coefficient of each term in the combinatorial
geometric series refers to the binomial coefficient I, (Annamalai, et al., 2022h, 2022i).
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where n >0,r>1 and n,r e N ={1,2,3,--- }.
n
Here, Z Virxi refers to the combinatorial geometric series and

=0
V7 is the binomial coefficient for combinatorial geometric series.



https://orcid.org/0000-0002-0992-2584
mailto:anna@iitkgp.ac.in
https://orcid.org/0000-0001-9334-0394
mailto:antonio.siqueira@ufv.br

| The Journal of Engineering and Exact Sciences — JCEC

Vo=1 V=2 V3 =3V =4V =5V =6 -
N = {V&, VL, v Vi, Vi VL, -} is a set of natural numbers (Annamalai & Siqueira, 2022a).
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LetV; = Vy_,,where Q =V, =
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~ VJ belongs to the set of natural numbers, i.e.V,] € N.
w ={0,v}, Vi, v} Vi, Vi, Vi, - }is a set of whole numbers (Annamalai & Siqueira, 2022a).
Z = {,=V3, =V, =V, 0,V4, Vi V3, - Vis a set of integers.

{4+, —,%,+, -+ }is a set of binary operators, where the symbol + is used for addition, the symbol —
for subtraction, the symbol x for multiplication, the symbol + for division, etc.

3. Abelian Group, Ring, Field, and Vector Space

Z={-V"0, V" |n=>1,r >0 & n,r € N}isaset of integers.

Addition of any two binomial coefficients is also a binomial coefficient.

(Vi + V1) e Zforall ViVl € Z.

Associativity: For all i, VLS € Z, Vit + (V1 + V) = W + D) + V5.

Identity element: 0 4+ V,* = ;™ + 0 = V", where 0 is an additive identity .

Inverse element: V;* + (=) = (=) + V;* = 0,where — I} is an additive inverse.
Commutativity: Vi + V7 = V1 + V! for all Vi,V € Z.

(Z, +) is an Abelian group under addition (Annamalai & Siqueira, 2022a, 2022b).

RING is a non-empty set R which is CLOSED under two binary operators + and x and satisfying
the following axioms:
(1) R is an Abelian group under +.

(2) R is an associativity of x. Fora, b,c e R,ax (b xc)=(ax b) xc.

(3) R has distributivity, i.e. for all a, b, ¢ € R the following identities hold:
Left-distributivity: ax (b +c)=(axb) + (a x c).
Right-distributivity: (b +c)xa=(bxa)+(c x a).

~(Z, +, x)is a RING (Annamalai & Siqueira, 2022a, 2022b).

Note that (Z, +, x) is a Ring with Unity which has 1 as multiplicative identity such that 1 x I;"* =
* x 1 = V" and also Commutative Ring: Vit x V! = V7 x It

FIELD is a non-empty set F which is CLOSED under two binary operators + and x and satisfying
the following axioms:
(1) Fis an abelian group under +.

(2) F—{0} is an abelian group under x.
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~ (Z, +, x) is a FIELD (Annamalai & Siqueira, 2022a, 2022b, 2022c).

Note. A division ring is a ring in which 0 # 1 and every nonzero element has a multiplicative
inverse. A noncommutative division ring is called a skew field. A commutative division ring is
called a field.

VECTOR SPACE (Sezer & Atagiin, 2016) is a nonempty set V of objects, called vectors, on which
are defined two operations, called addition and multiplication by scalars (real numbers), subject to

the following axioms. The axioms must hold for all a, b, ¢ in V and for scalars o and f.
1. a+bisinV.

. a+tb=b+a.
. at(b+c)=(a+hb)+c.

. There is a vector (called zero vector) 0 in V such thata + 0 = a.

aaisin V.

a(a+b)=o0a+ ab.

(o + B)a=o0a+ Pa.

(ap)a=o(Ba).
10.la=a.

2
3
4
5. ForeachainV, thereis a vector —a in V satisfying a + (-a) = 0.
6
7
8
9

Let g be a real or complex number, i.e. qV; = y; fori =1, 2, 3, ---. Then, ; is a real or complex
number.

Let L = {u| — oo < u < oo} be a set of real numbers. Then L with scalars a and B is a vector space.
Also, if L is a set of complex number, then L with scalars o and B is a vector space.

Theorem 3.1: Let n > 0 be an integer and P,, be the set of polynomials of degree at most n > 0.
Members of P have the form

Zqux —zulx (V] =y fori =0,1,2,3,--), thatis, p(x)—Zul

Where w, (i= 0 1,2,3,...),are real numbers and x is a real variable. The nonempty set P,
vector space.

Proof. Let us prove this theorem using the axioms of vector space.

Axiom 1 (Al):

The polynomial p + q is defined as follows:

P(X) +q(x) = (@ + @x = (o + WX + Pox? + -+ ppx™) + (8o + 610 + 827 + -+ + 5px™)
= (o +80) + (1 + 6)x + (kz + 82)x% + -+ + (M + 8)x™

which is a polynomial of degree at most n > 0.

Thus,p + q € P,,.

Axiom 4 (A4):
0 =0+ 0x + 0x2 + 0x3 + --- + 0x™, (So zero vector is in P,).




| The Journal of Engineering and Exact Sciences — JCEC

(P +0)(x) =px) + 0= (o +0) + (g + 0)x + (1 +0)x* + -+ + (1, + 0)x™
= U + WX + upx? + -+ nx™ = p(x) andsop + 0 = p.

Axiom 6 (A6):
Let s be scalar. Then (sp)(x) = sp(x)

= (spg) + (sp)x + (spy)x? + -« + (sp,)x"which is in P,,.

Note that the other 7 axioms (Axioms A1, A4 and A6 were formed above ) also exist in P,, .
Hence, p,, is a vector space.
Note that P,, with complex numbers in the form of u, + iy, Iis a vector space.

4. Conclusion

In this article, a commutative group, ring, field, and vector space were formed on the binomial
coefficients of combinatorial geometric series under addition and multiplication. This idea can
enable the scientific researchers to solve the real world problems.
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